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ABSTRACT In biological systems, because of higher intracellular viscosity and/or the restriction of the diffusion space inside
cells, the (apparent) diffusion coefficient of an intracellular species (e.g., water) is generally smaller than when it is in the
extracellular medium. This difference affects the spin-echo signal attenuation in the pulsed field gradient NMR experiment and
thus affords a means of separating the intracellular from the extracellular species, thereby providing a basis for studying
transmembrane transport. Such experiments have commonly been analyzed using the macroscopic model of Ka¨rger (see
Adv. Magn. Reson. 21:1–89 (1988)). In our previous study, we considered a microscopic model of diffusive transport through
a spherical interface using the short gradient pulse approximation (J. Magn. Reson. A114:39–46 (1995)). The spins in the
external medium were modeled with the “partially absorbing wall” condition or as having a small but finite lifetime. In the
present paper, we extend our treatment to the case in which there is no limitation upon the lifetime in either medium. We also
consider a simple modification of Ka¨rger’s model that more properly accounts for the restricted intracellular diffusion.
Importantly, it was found that the exact solution within the short gradient pulse approximation developed here and the
modified Ka¨rger model are in close agreement in the (experimentally relevant) long-time limit. The results of this study show
that when there is no limitation upon the lifetime of the transported species in either phase, the spin-echo attenuation curve
is very sensitive to transport.
INTRODUCTION
Transport and interdomain exchange are extremely impor-
tant in micellar and vesicular catalysis and for all biological
systems (Zwanzig and Szabo, 1991; Barzykin and Tachiya,
1996). Because of its noninvasive nature, NMR spectros-
copy is one of the most powerful techniques of studying
transport in biological systems. Traditional NMR methods,
such as inversion transfer and saturation transfer (Price and
Kuchel, 1990b; Kuchel, 1990), rely upon a difference in the
chemical shift or the relaxation rate to distinguish between
the exchanging sites. In many cases, such differences do not
exist or they are very small (e.g., water). However, there are
generally differences in the diffusion coefficient and in the
available diffusion space for the probe molecule between
the intra- and extracellular compartments (e.g., Price et al.,
1989a,b; Price and Kuchel, 1990b; Price et al., 1992). Such
differences may be exploited with pulsed field gradient
nuclear magnetic resonance (PFG NMR, also referred to as
pulsed gradient spin-echo or PGSE NMR; Ka¨rger et al.,
1988; Stilbs, 1987; Callaghan, 1991; Price, 1996, 1997) to
separate the domains (Andrasko, 1976; Price and Kuchel,
1990b; Van Zijl et al., 1991; Potter et al., 1996), even in the
absence of chemical shift and/or relaxation rate differences.
The exchange modulates the diffusion in both domains and
thus, ultimately, the attenuation of the spin-echo signal.
Generally the permeability coefficients are very small. For
example, the “effective” values reported in the literature for
bicarbonate permeability across the red blood cell mem-
brane range from 4  107 to 3  106 m s1 (Kuchel et
al., 1987; Chapman et al., 1986). Yet bicarbonate is one of
the fastest transporting species known for the red blood cell.
PFG NMR, with a displacement sensitivity of 100 nm
and a lower limit for measuring diffusion coefficients of
1014 m2 s1 (Callaghan, 1984), provides an excellent
tool for probing molecular diffusion and structure in bio-
logical systems, and is especially convenient because it does
not require labeled probe molecules; they are either used “as
is” or after isotopic enrichment (e.g., 13C). Consequently, no
thermodynamic gradients are introduced. PFG has also been
used in biological systems to study binding and molecular
association (e.g., Lennon et al., 1994; Andreasson et al.,
1996; Wassall, 1996; Krishnan, 1997; Price et al., 1997b;
Price, 1998a). PFG has numerous other NMR applications,
including solvent suppression, phase cycling, and imaging
(e.g., Price, 1996, 1998b; Price and Arata, 1996; Price et al.,
1997a).
The aim of the present paper is to develop more cogent
models for analyzing PFG NMR data to extract information
on diffusion and, particularly, exchange through spherical
interfaces. In the following section, the basis of PFG NMR
diffusion measurements in free solution and in the case in
which the diffusion is restricted by a spherical interface is
briefly explained. Next, the commonly used simple two-site
macroscopic model of Ka¨rger (Ka¨rger et al., 1988) is re-
viewed, and a modification more in keeping with the prob-
lem at hand is presented. As will be elucidated below, the
starting premise of the two-site Ka¨rger model does not
consider the effects of restricted diffusion (i.e., it is assumed
that there is free diffusion in both domains). Consequently,
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we attempt to develop a model that is more consistent with
the microscopic reality of the two-site exchange problem.
The full solution for the “microscopic” approach is mathe-
matically complex, and we develop our solution after first
considering the related but mathematically simpler problem
of the pseudo-one-site “partially absorbing wall” model and
our recently derived extension to this model, which ac-
counted for a small but finite lifetime in the extracellular
phase (Barzykin et al., 1995). The model that we ultimately
develop in the present paper contains no limitation on the
relative lifetimes in either domain. The “microscopic” ap-
proach and the modified Ka¨rger models that are developed
in this paper are compared.
THEORY
PFG NMR diffusion measurements
The theory behind the PFG method has recently been pre-
sented in detail (Price, 1997). Briefly, the PFG spin-echo
pulse sequence is a modification of the Hahn spin-echo
pulse sequence, in which typically a “rectangular” magnetic
field gradient pulse of duration  and magnitude g is in-
serted into each  period (see Fig. 1). The separation be-
tween the leading edges of the gradient pulses is denoted by
 and constitutes the time over which diffusion is measured.
If a spin moves along the direction of the field gradient
during , the phase change exerted by the first gradient
pulse is not cancelled by the phase change exerted by the
second (NB identical) gradient pulse. This phase shifting
effect, when averaged over an ensemble of spins, leads to a
diminution of the signal, which is proportional to the net
displacement of the spin along the direction of the gradient
during  and the magnitude of the gradient. In a solution
state PFG NMR experiment, typical gradient magnitudes
range from0.10 to 20 Tm1. Generally  is kept constant,
with its minimum value being limited by the effects of
gradient pulse induced eddy currents, and the upper limit
being set by the transverse relaxation times (i.e., the PFG
sequence is based on a Hahn spin echo) of the observed
species. Operationally this corresponds to values in the
range of 5–200 ms.  is typically varied from 0 to 20 ms.
Ideally, an analytical solution relating the echo attenua-
tion (E) to the experimental variables would be derived
from the Bloch equations modified to include the effects of
diffusion (Torrey, 1956; Stejskal and Tanner, 1965; Capri-
han et al., 1996; Price, 1997); however, in practice this
approach is mathematically intractable, and various approx-
imations (Caprihan et al., 1996; Price, 1997) or even nu-
merical methods must be resorted to. In the present work we
consider the commonly used short gradient pulse (SGP)
approximation, where motion during the gradient pulse is
ignored (rigorously, one assumes that  3 0 and g 3 
while their product remains finite), although, as can be seen
from above, the experimental conditions often violate this
condition. In the SGP approximation the PFG spin-echo
attenuation is given by (Stejskal, 1965)
Eq,    dr0 dr r0Gr0r; eiq  (rr0), (1)
where q 	 g,  is the gyromagnetic ratio, and (r0) is the
equilibrium spin density. Usually the spin-echo amplitude is
normalized to the echo amplitude under zero gradient con-
ditions. The normalization removes the dependence on the
transverse relaxation that occurs during the Hahn spin-echo
pulse sequence. This normalization assumes that all spins
suffer the same degree of transverse relaxation in the course
of the pulse sequence. The effects of any relaxation corre-
lated with translational motion are ignored.
The Green’s function (or diffusion propagator), G(r0r;
) (sometimes denoted by P(r0r; ), although not to be
confused with the Legendre polynomial), is the conditional
probability that a spin starting at position r0 will migrate to
r in a time . G(r0r; ) satisfies the diffusion equation
Gr0r; t
t  D

2Gr0r; t, (2)
where 
2 denotes the Laplacian operator, subject to the
initial condition
Gr0r; 0 r r0, (3)
where  is the Dirac  function (not to be confused with the
time interval ), and the appropriate boundary conditions.
From Eq. 1 it can be realized that there is a Fourier rela-
tionship between E(q, ) and the spectrum of the displace-
ment of the spins (Ka¨rger and Heink, 1983). Thus in the
PFG NMR experiment, q˜ 	 q/2	 is the equivalent of the
wavevector used in x-ray diffraction (Cory and Garroway,
1990; Callaghan et al., 1991; Callaghan and Coy, 1992).
For the case of free diffusion the propagator is Gaussian:
Gr0r; t 4	Dt3/2e[(rr0)
2]/4Dt, (4)
FIGURE 1 The pulsed field gradient NMR sequence. The sequence is a
Hahn spin-echo pulse sequence with the addition of two identical gradient
pulses of duration, , and magnitude, g, with one gradient pulse being
inserted in each  period. The time over which diffusion is measured is
denoted by  and corresponds to the time between the leading edges of the
gradient pulses. The second half of the echo is digitized and used as the
FID (i.e., the signal, S). The attenuation, E, of the spin-echo signal is
obtained by normalizing the amplitude of the spin-echo signal by the
amplitude of the spin-echo signal under zero gradient conditions. The
normalization removes the relaxation dependence on the transverse relax-
ation that occurs during the pulse sequence. Diffusion is measured along
the direction of the gradient pulses.
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and the solution to Eq. 1 has a particularly simple form,
given by
Eq,  expq2D, (5)
where q 	 q. We remark that, because the solution given
by Eq. 5 is for the SGP limit, the /3 correction term for
 (Stejskal and Tanner, 1965; Price, 1997) is absent.
Restricted diffusion
Typical radii for biological “spherical” interfaces range
from 12 nm for small unilamellar vesicles (New, 1990) to
3 
m (the “effective” radii of a human red blood cell), and
the diffusion coefficients of small rapidly transported spe-
cies are in the range of 109 to 1010 m2 s1; such a system
is schematically depicted in Fig. 2 A. In the case of free
diffusion, the mean square displacement can be determined
from Eq. 4 to be
r r02 6Dt. (6)
Thus from Eq. 6 and considering the time-scale over which
the PFG diffusion measurements are conducted (i.e., 	 10
ms to 1 s), it can be seen that the diffusion of small
molecules inside biological interfaces is restricted.
When the diffusion is restricted, the propagator is no
longer Gaussian, the mean square displacement no longer
scales linearly with time, and, consequently, a more com-
plicated equation than Eq. 5 relates the echo attenuation to
D and the experimental variables. Although this makes the
analysis of data from the PFG experiment more cumber-
some, the data now also contain structural information on
the restricting interface (Price, 1997). In the ideal case, one
experiment may be used to provide the diffusion coefficient
and the exchange rate of the transporting species, together
with the topology of the domains (e.g., cell and vesicle
shape) between which they are transported. When diffusion
is restricted to a sphere of radius R, the relationship between
the experimental variables and the echo attenuation is given
by (Balinov et al., 1993)
Eq,  3j1aa 
2
 6a2
n	0

jna2
m	0
 2n 1nm2
nm
2  n2 n expnm
2 
1
nm
2  a22 ,
(7)
where  	 D/R2, a 	 qR, nm is the mth nonzero root of
the equation
jn 0, (8)
and jn(x) is the spherical Bessel function of the first kind
(e.g., see Abramowitz and Stegun, 1970). From the above
discussion it can be seen that in most experimental circum-
stances we are in the “long time limit,” such that the
condition   1 holds. When   1, Eq. 7 reduces to
Eq,  3j1aa 
2
. (9)
This has the physical interpretation that during the experi-
ment (i.e., ), all of the spins feel the effects of the restrict-
ing boundary equally, and the echo signal attenuation loses
its diffusional dependence and becomes a function of a 	
qR only (i.e., Eq. 9).
In analyzing the PFG dependencies for restricted geom-
etries, one often implies an analogy to the free diffusion
case and defines an apparent diffusion coefficient by
Dapp
1

lim
q30
 lnEq, 
q2 . (10)
Consequently, the presence of restricted diffusion is often
noted by a lower (apparent) diffusion coefficient.
Two-site Ka¨rger model
By noting the apparent lowering of the diffusion coefficient
in a restricted system when the data are analyzed with the
FIGURE 2 Schematic representation of a spherical biological interface
in which a species in the external medium is modeled (A) as having
infinitely fast relaxation (i.e., no external lifetime) and (B) finite lifetime.
When spins in the external medium have infinitely short (NMR visible)
lifetimes, the ratio of the internal to external concentrations can be ne-
glected, and only the internal diffusion coefficient, D1, and the permeabil-
ity, H1, are relevant. When the spins in the external medium have finite
lifetime, the ratios of the internal to external concentration, diffusion
coefficient, and permeabilities are needed to describe the system. It is
convenient to define the reduced permeability coefficient, h 	 HR/D.
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free diffusion model (i.e., Eqs. 5 and 10), it can be conjec-
tured that exchange through a spherical interface can be
determined by using the difference between the real and
apparent diffusion coefficients in the external and internal
domains. The theory for molecular transport and exchange
in composed systems has been presented by Ka¨rger and
co-workers (e.g., see Ka¨rger et al., 1988). In the Ka¨rger
model, it is assumed that the exchanging species undergoes
free diffusion in each of the two equivalent domains. In
analyzing the case of exchange through a spherical inter-
face, one domain is normally referred to as the internal
phase and the other as the external phase.
The two-site Ka¨rger model is derived starting from the
coupled differential equations describing the echo signal
intensities for the internal phase (denoted by the sub-
script 1),
dE1
dt q
2D1E1
E1
1

E2
2
, (11)
and the external phase (denoted by the subscript 2),
dE2
dt q
2D2E2
E2
2

E1
1
, (12)
with the initial conditions
E1q, 0 P1 , E2q, 0 P2 (13)
and
dE2q, t
dt t	0q2D2P2 , dE1q, tdt t	0q2D1P1 . (14)
The solution to these equations is given by
Eq,  CAeq
2DA CBeq
2DB, (15)
where DA and DB are the apparent self-diffusion coeffi-
cients defined below, and CA and CB are the population
fractions (relative signal intensities):
DA,B
1
2D1 D2 1q2	11 12

 D1 D2 1q2	11 12

2

4
q412,
(16)
CA 1 CB, (17)
and
CB
P1D1 P2D2 DA
DB DA
, (18)
and D1 and D2 are the diffusion coefficients in the two
domains. Similarly, P1 and P2 are the relative populations
and 1 and 2 (not to be confused with the  delay in the PFG
pulse sequence; see Fig. 1) are the mean residence lifetimes
in each compartment. Thus the effect of diffusion on the
signal intensity when transport occurs between two freely
diffusing regions (ignoring relaxation time differences be-
tween the two compartments) is given by a superposition of
exponentials (Ka¨rger et al., 1988). A number of simplifica-
tions are available (Ka¨rger et al., 1988; Waldeck et al.,
1997). Some applications of this model to experimental
systems have recently been reviewed (Waldeck et al., 1997).
Modified two-site Ka¨rger model
As noted above, the internal site is in reality restricted (see
Fig. 2 A), and the condition   1 generally holds. Conse-
quently, the signal intensity of the internal component does
not depend on the diffusion coefficient of the internal spe-
cies and is, instead, only a function of qR (i.e., Eq. 9). In our
modification to the Ka¨rger model the effects of restriction in
the internal domain are approximately accounted for. Thus,
more realistically, Eq. 11 should be replaced by
dE1
dt 
E1
1

E2
2
, (19)
and, noting from above the long time limit formula for
attenuation within a sphere (i.e., Eq. 9), the initial conditions
for E1(t) now become
E1q, 0 P13j1aa 
2
 P1 and
dE1q, t
dt t	0 0
(20)
Thus the attenuation at time t 	  takes the same form as
Eq. 15, but with
CA P2 P1
D2P2 D1P2 DAP1
DB DA
, (21)
CB
D2P2 DAP2 DAP1
DB DA
(22)
and
DA, DB
1
2D2 1q2	11 12

 D2 1q2	11 12

2

4
q412.
(23)
The modified Ka¨rger model is very similar to the original
Ka¨rger model presented in the previous section, and the
exponential term in the Ka¨rger model reduces to that of the
modified model if the diffusion coefficient in the restricted
medium is set to 0 (i.e., D1	 0). The preexponential factors
(i.e., Eqs. 21 and 22) are, however, quite different.
Equation 23 can be further simplified. In the slow ex-
change limit (i.e., 1, 2 3 ) we have
DA 
1
q21
(24)
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and
DB  D2
1
q22
. (25)
In the fast exchange limit (i.e., 1, 23 0) we only need to
consider DA (because DB3 , and thus the second term in
Eq. 15 3 0), and we obtain
DA 
1
1 2
. (26)
Even allowing for this modification to better account for
the reality of diffusion in one domain being subject to
restricted diffusion, the Ka¨rger approach still involves a
serious approximation. In particular, there is no consider-
ation of the starting point inside the sphere; thus there is the
implicit assumption that exchanging spins sample all points
of the sphere before being transported. Hence this approach
is strictly only applicable to the case of very slow exchange.
However, this approximation considerably simplifies the
solution of the underlying diffusion problem, which is oth-
erwise extremely complicated, even for a two-site system.
The limitations of the macroscopic approach will be more
fully discussed below.
One-site SGP model
Assuming that it is possible to obey the requirements for the
SGP approximation, a more rigorously correct relationship
between the transport and the experimental variables can be
derived from Eqs. 1–3 by using the proper boundary con-
ditions at the interface. Even when the SGP approximation
is used, such a derivation is nontrivial, and a means of
making the system more mathematically tractable is to
manipulate the relaxation properties of the system to
achieve the “partially absorbing wall” condition. In this case
a two-site (i.e., domain) system is modeled by a one-site
system implying infinitely fast relaxation in the outer do-
main (see Fig. 2 B).
Previous PFG NMR studies using the partially absorbing
boundary condition have considered the case of diffusion in
regions confined by planes and in porous media of different
geometries (Frey et al., 1988; Mitra and Sen, 1992; Snaar
and Van As, 1993; Sen et al., 1994; Coy and Callaghan,
1994; Callaghan, 1995). This situation is straightforwardly
realized if the interface is covered by a layer of active
relaxation centers or if relaxation agents are added to the
exterior medium. The nuclear magnetization is then imme-
diately annihilated upon transport to the exterior. This con-
dition can also be met in the PFG experiment when the
external spin diffusivity significantly exceeds the internal
spin diffusivity. When the partially absorbing wall condi-
tion is met, we may confine our consideration to the mol-
ecules that do not leave the sphere. Once they have left, the
spins will cover such large distances in the external medium
that their contribution to the echo signal with increasing
field gradient intensities rapidly drops to zero as a function
of q. The corresponding partially absorbing boundary con-
dition reads
D
Gr0r; t
r  HGr0r; tr	R 0, (27)
where r 	 r and H (ms1) is the permeability coefficient
(or the density of the surface relaxation centers). It should
be noted that the microscopic first-order rate constant for
transport through a spherical interface can be related to the
permeability as follows: ktr 	 3H/R (Barzykin et al., 1995).
Below we shall see that it is convenient to define the
reduced permeability by h 	 HR/D. The use of the partially
absorbing boundary condition turns a two-site problem into
a pseudo-one-site problem.
The solution to the diffusion problem posed in Eqs. 2, 3,
and 27, given rotational symmetry about the direction of the
field gradient, is well known and is most conveniently
written in terms of the corresponding eigenfunctions
(Carslaw and Jaeger, 1959; Mitra and Sen, 1992),
Gr0 , 
0r, 
; t
1
2	R3 
n,m	0

2n 1Pn
0Pn

 exp	DtR2 nm2 
 nm
2 jnnmr0/Rjnnmr/R
hh 1 nm2  nn 1 j n2nm
,
(28)
where 
0	 cos 0, 
	 cos  (the polar angles with respect
to g), and Pn(
) are the Legendre polynomials, and nm are
the positive roots of the equation
n hjnnm nm jn1nm, (29)
numbered by m 	 0, 1, . . . in increasing order. The Fourier
transform in Eq. 1 is readily carried out by using the
addition theorem (Abramowitz and Stegun, 1970) to expand
the complex exponential and noting that (r0) 	 3/(4	R3).
The result is (Mitra and Sen, 1992)
Eq,  6 
n,m	0

2n 1
expnm2 
hh 1 nm2  nn 1
  nmnm2  a2 n hjna ajn1a
2
.
(30)
In a typical experiment (vide supra) the condition   1
holds, and only the lowest eigenvalue  	 00 is important.
It satisfies the following equation:
1 h  cot . (31)
In this long-time limit the normalized echo amplitude is
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independent of  and is given by
Eq,  1h 
2
2 a2h 1 sin aa  cos a
2
.
(32)
In the limit of weak permeability (i.e., h 3 0, reflecting
boundary), the lowest positive solution of Eq. 31 is 2	 3h,
and Eq. 32 transforms into (i.e., Eq. 9)
Eq,  3j1aa 
2
for h 3 0, (33)
whereas in the limit of infinite permeability (i.e., h 3 ,
perfectly absorbing boundary) we have
Eq,   	2	2 a2 sin aa 
2
for h 3 . (34)
In cell or vesicle systems, the partially absorbing wall
experiment is practicable, at least in principle, as the relax-
ation properties of the exterior medium can easily be ma-
nipulated through the addition of relaxation agents such as
Mn2 ions. However, we have previously shown that it is
experimentally difficult to attain the instant quenching con-
dition (Price and Kuchel, 1990b; Barzykin et al., 1995).
Moreover, it is generally undesirable to add foreign species,
because they may affect and perhaps irreversibly change the
system being studied. This is a high price to pay for math-
ematical simplicity, especially when the model is only
weakly sensitive to transport (Mitra and Sen, 1992; Bar-
zykin et al., 1995). Importantly, if the quenching condition
is not completely met, the short-lived spins in the exterior
medium, although possessing a higher mobility, still con-
tribute considerably to the echo signal. This is particularly
true when the motion of the spins in the extracellular me-
dium are subject to obstruction, as would be expected in, for
example, a high hematocrit suspension of red blood cells
(i.e., the restricting geometries have a high volume frac-
tion). We have further developed a two-site model for the
more experimentally relevant case in which the spins have
a short but finite lifetime upon transporting through the
spherical interface (Barzykin et al., 1995). The theory is
based on solving the diffusion equations for two domains
coupled by appropriate boundary conditions.
Two-site SGP model
To take advantage of the one-site model for describing the
interphase exchange, in the absence of relaxation agents,
either the molecular mobility or the relaxation rate in one
phase (i.e., the exterior) must significantly exceed those in
the other phase (i.e., the interior). Normally the difference in
diffusivity between the domains in a biological system is
small. For example, the diffusion coefficient of the bicar-
bonate analog, hypophosphite, in water solution at 310 K
has been found to be 1.6  109 m2 s1 (Price and
Kuchel, 1990b), whereas the diffusion coefficient in intact
human red blood cells has been estimated to be about 6 
1010 m2 s1 from NMR relaxation measurements (Price et
al., 1989b) and 1.5  1010 m2 s1 from PFG measure-
ments (Price and Kuchel, 1990b). The true diffusion coef-
ficient in the unconfined media may even be underestimated
by the PFG measurement because of the effects of obstruc-
tion (Jo¨nsson et al., 1986; Blees and Leyte, 1994). Hy-
pophosphite is a particularly useful probe molecule for the
present study, because in a red cell suspension there are
separate peaks in the 31P NMR spectrum for the internal and
external species. Furthermore, the transport may be inhib-
ited by the addition of dinitrostilbene (Price and Kuchel,
1990a).
In this section we present a more general formulation,
explicitly including restricted diffusion of the particles in
both domains, between which the transport is occurring.
The main results are given below, and a detailed derivation
is presented in the Appendix. In this model, as depicted
schematically in Fig. 2 A, the two domains are characterized
by different diffusion coefficients. The transverse relaxation
time is assumed to be constant and thus is factored out for
simplicity. We also neglect “many-body” effects that have
been observed in PFG of emulsions (e.g., Van Den Enden et
al., 1990; Fourel et al., 1994) and assume that any spin is
involved with only one spherical compartment in the course
of the experiment.
The Green’s function satisfies the diffusion equation in
each domain:
Gijr0r; t
t  Dj

2Gijr0r; t for i, j 1, 2, (35)
where the first subscript of Gij indicates whether the initial
position of the particle is inside (i 	 1, r0  R) or outside
(i 	 2, r0  R) the sphere, and the second subscript bears
information on the current spatial coordinate r. The bound-
ary conditions are given by
D1
Gi1
r r	R D2Gi2r r	R (36)
and
D1
Gi1
r  H1Gi1 H2Gi2r	R 0 for i 1, 2. (37)
Equation 36 describes the flux continuity over the interface,
and Eq. 37 states that the flux is proportional to the differ-
ence in spin concentration between the domains weighted
with the appropriate permeability coefficients. At equilib-
rium, there is no net flux across the interface, and
Gi1/Gi2eq C1/C2 H2/H1 K, (38)
where C1 and C2 are the concentrations of the particles in
domains 1 and 2, respectively.
We follow the standard procedure (Carslaw and Jaeger,
1959) in deriving the Green’s function for the posed diffu-
sion problem. We obtain for the Laplace transform of the
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relevant Green’s function for spins starting from inside the
sphere (A. V. Barzykin and M. Tachiya, 1998)
Gˆ11r0 , 
0r, 
; 
s1
2	2D1

n	0

2n 1Pn
0Pn
ins1r
 kns1r nkknik ins2r, (39)
Gˆ12r0 , 
0r, 
; 
h1
4	D2R

n	0

2n 1Pn
0Pn


ins1r0kns2r
n
ik , (40)
and for spins starting from outside the sphere:
Gˆ22r0 , 
0r, 
; 
s2
2	2D2
 
n	0

2n 1Pn
0Pn
kns2r
 ins2r niinik kns2r, (41)
whereas from detailed balance,
G21 KG12 , (42)
where in(x) and kn(x) are the modified spherical Bessel
functions (Abramowitz and Stegun, 1970), s1 	 /D1,
s2 	 /D2, and r 	 min(r, r0), r 	 max(r, r0). The
Laplace transform is defined by
Gˆ 
0

etGtdt. (43)
The coefficients n() are determined from the boundary
conditions to be
n
n
n
 1, ih1nn
1, ih2nn, (44)
n
x xn1x 1, i nnx, (45)
where  is the Kronecker delta,  	D1/D2,  	 s1R, and
, 	 i, k, j, y, (i.e., the spherical Bessel functions). We can
now start to determine the echo attenuation from Eq. 1. The
components of the echo signal are given by
Eˆ11q, 
1
a2 2 3 
n	0
 2n 1
a2 2
Uni a, Wnka, 
n
,
(46)
Eˆ12q,  32h1
n	0

2n 1
U ni a, Unka, 
n
, (47)
Eˆ21q, 
K
1  Eˆ12q, , (48)
and
Eˆ22q, 
1
a2/2 2

3
1  
n	0
 2n 1
a2/2 2
U nka, Wni a, 
n
,
(49)
where  is the volume fraction of the spheres in solution,
Una, 
n1jna ajn1an
a2 2n
, (50)
Wna,  1n
 	 n h2,11n
jna ajn1a,
(51)
with the upper sign and the first index, i.e., h2, correspond-
ing to  	 i and the lower sign and the second index to 
	 k, respectively, and
n
 h1,2n/n, (52)
n 1ni nk. (53)
Here we have renormalized all parameters to dimensionless
form. In particular, time is measured in units of R2/D1. All
of the echo components are normalized as probabilities in
such a way that E11(0, t)  E12(0, t) 	 1 and E21(0, t) 
E22(0, t)	 1. NB Eij(0, t) gives the contribution of the spins
that have started in phase i and are found in phase j at time
t. To calculate the overall echo amplitude, one has to mul-
tiply the outer components by a factor of (1  )/K to
account for the population difference between the phases.
Note that, in the time domain, the first terms in the right-
hand side of Eqs. 46 and 49 simply give exp(q2Dt) for
each phase, which is exactly the solution for free diffusion.
Now we have to return to the time domain. Analytical
inversion is straightforward but tedious, and eventually re-
duces to an integration that turns out to be numerically quite
intensive. After conducting some comparisons of numerical
integration of the inverted solutions to straight numerical
inversion of the Laplace transforms of the echo components,
we have concluded that numerical inversion is more effi-
cient. Consequently, the results presented below for the
two-site microscopic model were obtained by numerical
inversion (Stehfest, 1970).
In the case in which one is able to measure the signal
from each phase separately, as in the case of hypophosphite
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transport in blood cells (Price and Kuchel, 1990b), the
following observables are defined:
E1q,  E11q, 
1 
K E21q, 
 E11q,  E12q, ,
(54)
E2q,  E22q, 
K
1  E12q, 
 E22q,  E21q, ,
(55)
which give the attenuation of the signal due to the spins
inside (outside) the cells, respectively.
RESULTS AND DISCUSSION
Macroscopic approach: the Ka¨rger and the
modified Ka¨rger models
Some representative curves for the echo attenuation (E)
versus q2 as predicted by the Ka¨rger (i.e., Eqs. 15–18) and
the modified Ka¨rger (i.e., Eqs. 15, 21–23) models are pre-
sented in Fig. 3. In simulating the plots in Fig. 3, the radius
of the spherical interface used was 2.5 
m, and the intra-
cellular diffusion coefficient (D1) was taken to be 1.5 
1010 m2 s1 (solid lines and filled circles) or 1.5  1012
m2 s1 (dotted line). These diffusion coefficients corre-
spond to typical values for the real and apparent intracellu-
lar diffusion coefficient, respectively, of a small molecule
inside a red blood cell (Price and Kuchel, 1990b). When the
real intracellular diffusion coefficient is used in the calcu-
lations, the Ka¨rger model predicts very fast, almost expo-
nential attenuation, and the agreement with the modified
Ka¨rger model is very poor, particularly at larger values of q.
When the apparent diffusion coefficient is used in the sim-
ulation, the agreement is somewhat better. However, in this
case the Ka¨rger model does not accurately predict the dif-
fusion-independent attenuation at large values of q.
Microscopic approach: the two-site SGP model
We now turn to a more realistic model that much more
closely follows our experimental conditions. Before illus-
trating the results, we must understand the structure of the
expressions for the echo components obtained. Let us con-
sider E11(q, ), for instance. In most cases of practical
importance, we can safely assume that h1  0.1. Under this
condition, the spins that started their motion from inside the
sphere are likely to cross the interface only after having
diffused for a period sufficient to have thoroughly probed
the whole inner space of the spherical interface. It means
that the time and q dependence of E11(q, ) can be sepa-
rated, to a good approximation. The q-behavior of E11(q, )
should be practically the same as that predicted by the
one-site model. Basically, the main difference between the
one- and two-site models in defining E11(q, ) is that the
two-site model takes into account the possibility that a
probe leaving a sphere will reenter it after traveling in the
external medium. But at low permeability, it is very unlikely
that the probe crosses the interface more than once. The
dependence on  (i.e., on ) is governed by E11(0, ), which
characterizes the probability that a spin that started its
motion from within the sphere will be found in the interior
at time . It has been shown (A. V. Barzykin and M.
Tachiya, 1998) that at low permeabilities the time behavior
of E11(0, ) is well described by a single exponential, i.e.,
E11(0, )  exp(k ). The rate constant for exit, k, is
given by
k 3D1/R21/h1 2K 1/51 (56)
or approximately k  3H1/R for low interface permeabil-
ity. In this sense, our detailed approach provides support for
one of the basic assumptions of the Ka¨rger model in the
FIGURE 3 Comparison of E versus q2 for various intracellular lifetimes
(1) calculated from the Ka¨rger model (—) and from the modified Ka¨rger
model (YYYY). The parameters used in the simulation were consistent
with those expected for small metabolite molecules (Price and Kuchel,
1990b). The intracellular and extracellular concentrations were taken to be
41 and 66 mM, respectively, and the volume fractions for the two domains
were both taken to be 0.5. Consequently, the internal (P1) and external (P2)
populations were taken to be 0.38 and 0.62, respectively, and  	 100 ms.
The extracellular diffusion coefficient (D2) was taken to be 5.9 1010 m2
s1, and the intracellular diffusion coefficient (D1) was taken to be 1.5 
1010 m2 s1. When the (unmodified) Ka¨rger model is used to fit the data
for such a system, D1 is generally set to an unphysically small “apparent”
value. For comparison one simulation (   ) was performed with the
Ka¨rger model, in which D1 was set to 1.5  1012 m2 s1. Even though
the intracellular lifetime is dependent on D1, to allow a comparison, the
intracellular lifetime was set to the value consistent with D1	 1.5 1010
m2 s1. The two values for D1 used correspond to typical values for the real
and the (very much smaller) “apparent” diffusion coefficient for a small
molecule undergoing restricted diffusion in the intracellular medium. It can
be seen that at small q values both the Ka¨rger model and modified Ka¨rger
model show good agreement. If the true value for D1 is used, the Ka¨rger
model predicts too rapid decay of the echo signal, whereas if the “apparent”
value for D1 is used, it fails to predict the diffusion-independent signal
attenuation.
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limit of very low permeability and long . However, the
Ka¨rger model also assumes free diffusion in both the inter-
nal and external domains that the probes are transported
between. As a result, in Eq. 15  appears together with q2
in the exponent, which is characteristic of free diffusion (see
Eq. 5). We will deal with approximate solutions in more
detail elsewhere.
A plot of the normalized internal echo amplitude E1(q, )
as a function of a2 is shown in Fig. 4 for a few values of the
permeability coefficient h1. The parameters used in the
calculations have been chosen to model a typical experi-
ment. We can see how sensitive the model is to permeability
changes. This increased sensitivity is due to the contribution
from the spins transported through the interface from out-
side the sphere. At high values of q, when these faster
diffusing spins are attenuated, the decay behavior is totally
described by E11(q, ), or approximately by the one-site
model, which shows only a feeble dependence on the inter-
face permeability. It is the amplitude of the final stage,
E11(0, ), that is sensitive to h1 (see Fig. 5), but this is
normalized out in the one-site model.
Correlations and limitations of the macroscopic
and microscopic approaches
As mentioned in the Introduction, the application of Ka¨rg-
er’s two-site exchange model (Ka¨rger et al., 1988) to sys-
tems containing a restricted geometry involves a serious
approximation. Because the space coordinate is applied in a
macroscopic sense, leaving the space unit much larger than
the diameters of the individual domains, this model will fail
when  is too short to allow for “equilibration” between the
different domains. This situation is analogous to the “pore
equilibration” assumption (Coy and Callaghan, 1994) in
diffusive diffraction experiments. A comparison between
the modified Ka¨rger model and the exact model developed
in the present work is given in Fig. 6. The discrepancy
increases significantly with increasing permeability. How-
ever, it must be noted that the modified Ka¨rger model still
provides a very good approximation in the long-time limit.
FIGURE 4 Plots of E1(q, ) versus a2 for several different values of the
(outward) permeability h1. The calculations were performed using numer-
ical inversion of Eq. 54, with D1 	 1.5  1010 m2 s1 and D2 	 5.9 
1010 m2 s1. The other parameters are the same as given in the caption to
Fig. 3. The behavior of E1(q, ) is further clarified in Fig. 5.
FIGURE 5 Plots of E11(0, ) (—) and E12(0, ) (   ) versus  for
several different values of the (outward) permeability h1. The lines were
calculated using numerical inversion of Eq. 54. The parameters used in the
simulations are given in the captions to Figs. 3 and 4. From the plot it can
clearly be seen that at low values of h1 the attenuation appears to be
exponential; however, at higher values of h1 the attenuation is distinctly
nonexponential, with an initial rapid decrease followed by a much slower
attenuation.
FIGURE 6 Comparison of the total echo attenuation (i.e., E 	 E1  E2;
—) calculated from the exact SGP solution with the modified Ka¨rger
model (YYYY) versus a2 for different values of the permeability. The
parameters used in the simulations are given in the captions to Figs. 3 and
4. In the calculations  was set to the relatively low value of 0.2. It is
clearly seen that the “exact” solution and the modified Ka¨rger model show
some discrepancy at higher permeability values.
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A particular advantage of the modified Ka¨rger model is its
mathematical simplicity.
Validity of the models to the analysis of
experimental PFG transport data
To highlight the strengths, weaknesses, and limitations of
the models developed in the present paper, we consider their
application to the analysis of a real experimental system in
which hypophosphite transport across red blood cell mem-
branes was studied by using PFG NMR measurements
(Price and Kuchel, 1990a). Although the experimental pa-
rameters used in that study do not sufficiently conform to
the SGP limit (operationally   ) to allow the experi-
mental data to be meaningfully fitted by the theory devel-
oped, useful insights can be gained by considering its
applicability.
An obvious criticism of applying the above models to real
systems is that in real systems, such as blood cells, there is
normally a distribution of sizes and the cells are not per-
fectly spherical. However, it is only in special cases that
these nonspherical shapes are aligned (e.g., see Kuchel et
al., 1997), and generally their orientation is totally random;
thus, especially at low permeabilities and in the (experimen-
tally relevant) long-time limit, the spherical model, where
the radius is taken to be that of a sphere of average equiv-
alent volume, is a reasonably good and practical picture of
the system.
Because the (NMR) lifetime of the spins in the external
domain is not limited, if the restricting geometries have
sufficiently high volume fraction, it is possible for a trans-
ported species to leave one restricting geometry and then
enter another. That is, we cannot consider the effects of each
sphere on diffusion completely independently of the other
spheres and, thus, in reality we have a many-body problem.
Given the true extracellular diffusion coefficient of 1.6 
109 m2 s1 for a hypophosphite ion, as measured in a
cell-free supernatant sample, the mean displacement (i.e.,
6D; see Eq. 6) is estimated to be 30 
m when  	
100 ms. In the present experimental sample, the hematocrit
was 0.7. It follows, then, that a probe can collide with
several cells during the time between gradient pulses. It
does not necessarily mean, however, that it will be trans-
ported across the membrane. When the interface permeabil-
ity is low, as observed in most cases, it is very unlikely that
a probe, once having left one cell, will cross the membrane
again and enter another cell on the time scale of a typical
experiment. Moreover, because the extracellular diffusion
coefficient is much greater than the intracellular diffusion
coefficient and the spins in the external medium then rap-
idly attenuate (see, for example Fig. 4 in (Price and Kuchel,
1990b)), it is likely that only at very high hematocrits will
many-body effects make a significant difference. A possible
way to include these effects, at least approximately, can be
found in the framework of the cell model (Jo¨nsson et al.,
1986) or simulations (Jo´hannesson and Halle, 1996).
Collisions of the transported species with cells result in
an apparent reduction of the free diffusion coefficient in the
external medium. This effect is observed in our experiments
with cell-free supernatant with a diffusion coefficient (D) of
1.6  109 m2 s1, whereas in the dinitrostilbene-treated
cell suspension (i.e., no exchange), the effective extracellu-
lar diffusion coefficient, Deff, was 5.9  1010 m2 s1
(Price and Kuchel, 1990b). Jo¨nsson et al. (1986) have de-
rived an equation to account for obstruction in a system
containing monodisperse spherical particles:
Deff D/1 /2, (57)
where D is the true diffusion coefficient, Deff is the effective
diffusion coefficient, and  is the volume fraction (	 he-
matocrit in the case of cells). From Eq. 57 it can be seen that
the effective diffusion coefficient decreases sharply as the
volume fraction increases, thus causing the apparent exter-
nal diffusion coefficient to be closer to the internal diffusion
coefficient. In the hypophosphite transport experiment, the
red cell suspension had a hematocrit of 0.7 (i.e.,  	 0.7),
and the ratio Deff/D was found to be 0.37, whereas Eq. 57
predicts the ratio to be 0.74. The difference is probably due
to the poor approximation of an erythrocyte by a sphere, to
the intrinsic deficiency of the cell model assuming regular
structure of the solution, as well as to the theoretical limi-
tations of Eq. 57 (Jo´hannesson and Halle, 1996). In all of
our calculations of transport across the spherical interface
on the basis of the two-site model, we have used an exper-
imentally determined value of 5.9  1010 m2 s1 for the
extracellular diffusion coefficient.
In reality, differences in magnetic susceptibility between
the interior and exterior of the interface can give rise to
magnetic field gradients (i.e., in addition to the applied
gradient). For a single sphere in a homogeneous magnetic
field, these gradients are inversely proportional to the radius
(Glasel and Lee, 1974). In biological systems this effect can
be amplified by the presence of paramagnetic substances
such as deoxyhemoglobin inside the interface (Perng et al.,
1993). However, the size of such an in situ gradient is small
compared to the applied gradient (Endre et al., 1984; Price
et al., 1989a); consequently, these complications were
ignored.
CONCLUDING REMARKS
PFG NMR is an important tool for probing transport in
biological systems on the basis of differences in the diffu-
sion coefficient and/or the available space for diffusion
between the different sites. With the recent advances in
NMR hardware, the experiment is relatively easy to per-
form; however, the analysis required to extract the transport
data is not so straightforward. Analytical solutions for the
mathematical models required to relate the spin-echo atten-
uation to the transport parameters rapidly become intracta-
ble for all but the simplest systems (geometries). To make
the mathematics more tractable, one can attempt to obtain
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the “partially absorbing wall” condition, because in most
biological and micellar systems it is possible to introduce
relaxation agents into the external medium. However, we
have shown that this one-site model is relatively insensitive
to transport, and in any case it is normally not possible to
attain the required boundary conditions (Price and Kuchel,
1990b; Barzykin et al., 1995). In our previous study (Bar-
zykin et al., 1995) we went one step beyond the partially
absorbing wall condition to the case in which a species in
the external medium is considered to relax very rapidly,
compared with the internal spins, but not instantly. This is
more consistent with the physical reality when a relaxation
agent is added to the external medium. However, the addi-
tion of relaxation agents is a high price to pay for mathe-
matical simplicity. In this paper we have treated the general
case in which there is no restriction upon the lifetime of a
spin in either domain. Ideally, the present model should be
extended to consider the case of obstruction in the outer
phase and to relax the SGP condition by, for example,
applying the Gaussian phase distribution approximation
(e.g., Balinov et al., 1993; Kuchel et al., 1996) or other more
recent formalisms (Caprihan et al., 1996; Sheltraw and
Kenkre, 1996; Callaghan, 1997). Furthermore, in the
present paper we have not investigated the well-known
“diffraction effects” that normally occur when the echo
signal is attenuated to much less than 1%. That these effects
will arise in the physical system studied is clear from the
form of the E11 component and from the form of E1 in the
modified Ka¨rger model. The diffraction effects and exten-
sions beyond the SGP limit will be considered elsewhere.
APPENDIX
Here we present some details of the derivation for the two-site SGP model.
Starting from Eqs. 35–37, we derive the Green’s function, using the
Laplace transform technique (Carslaw and Jaeger, 1959; Barzykin et al.,
1995). For the case of r0  R, we let
G11 G1 w1 (A1)
and
G12 w2 , (A2)
where G1 is the Green’s function in an infinite medium satisfying the
initial condition of Eq. 3, and wi (i 	 1, 2) are the general solutions of Eq.
35 in different domains vanishing at t 	 0. The Helmholz equation, in
spherical coordinates, for wˆi is given by
2wˆi
r2 
2
r
wˆi
r 
1
r2


1
2wˆi
 si2wˆi 0, (A3)
where si 	 /Di. The solution should be finite at the origin and vanish
when r 3 . Therefore,
wˆ1 
n	0

AnPn
ins1r (A4)
and
wˆ2 
n	0

AnPn
kns2r, (A5)
where An and Bn are constants.
The response to a unit instantaneous point source at {r0, 0, 0} in an
infinite medium is
Gˆ1
1
4	D1r˜
exps1r˜, (A6)
where r˜ 2 	 r02  r2  2r0r cos(0  ). By using the addition theorems
for Bessel functions (Watson, 1966), Eq. A6 can be expressed in a form
suitable for use with spherical polar coordinates:
Gˆ1
s1
2	2D1

n	0

2n 1Pn
0Pn
ins1rkns1r,
(A7)
where r 	 min(r, r0) and r 	 max(r, r0). The coefficients An and Bn in
Eqs. A4 and A5, respectively, are determined from the boundary conditions
(i.e., Eqs. 36 and 37). Solving the corresponding algebraic equations, we
arrive at Eqs. 39 and 40. Equation 41 is obtained in a similar fashion.
Inversion of the Laplace transform involves complex integration. Let us
consider G11 as an example. By definition, we have
G11r0 , 
0r, 
; t
1
2	i 
i
i
etGˆ11r0 , 
0r, 
; d.
(A8)
There is a branch point at 	 0, and thus we have to choose a contour with
a cut along the negative real axis. Proceeding in a typical way (Carslaw and
Jaeger, 1959) with the use of Cauchy’s theorem, we find that the line
integral (Eq. A8) can be replaced by a real infinite integral, derived from
the integrals along (i0, 0i0) and (0i0, i0), which, in our
case, happen to be minus complex conjugate. Changing the variable of
integration via  	 D1(x/R)2 ei	 	 D1(x/R)2 so that s1 	 ix/R and s2 	
ix/R for (0i0, i0) with  	D1/D2, and using the properties of
the Bessel functions with imaginary argument, i.e., in(iz) 	 injn(z) and
kn(iz) 	
1
2
	in[jn(z)  iyn(z)], after lengthy but straightforward algebra,
we arrive at
G11r0 , 
0r, 
; t
h1h2
2	R3

n	0

2n 1Pn
0Pn

0

dx eD1t/R2x2

jnxr0/Rjnxr/R
n
jjx2 njyx2
, (A9)
where n(x) is defined by Eq. 44. Equation A9 is a continuous analog of
Eq. 28. In fact, for low permeability values, the integrand in Eq. A9 takes
the form of a series of sharp maxima due to the corresponding minima of
the denominator. In this case, integration can be effectively represented by
summation.
The next step is to calculate the corresponding contribution to the echo
signal. Substituting Eq. A9 into Eq. 1, and using the addition theorem for
Bessel functions to expand the exponentials and the orthogonality of the
Legendre polynomials, we can perform the integration and obtain the
attenuation of the signal from spins that started (i.e., before the first
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gradient pulse) their motion from within the sphere and are found in the
interior at the end of the second gradient pulse,
E11q, 
6h1h2
	

n	0

2n 1
0

dx ex2

Unjja, x2
n
jjx2 njyx2
,
(A10)
where  	 D1/R2 and
Unjja, x
xjn1xjna ajnxjn1a
x2 a2 . (A11)
The expression for the other components of the echo signal can be derived
in a similar way.
Permeability is typically rather low for biological interfaces. The inte-
grand thus contains rather sharp maxima, which makes numerical integra-
tion rather time consuming. We have calculated Laplace transforms of the
echo components by substituting Eqs. 39–41 into Eq. 1 and performing
integration with the use of the addition theorem. The results are given by
Eqs. 46–49. It is possible to proceed in two ways. In the first way the echo
attenuation can be computed by numerically inverting Eqs. 46–49. The
other alternative is to use Eq. A10 and the like, which, however, also
involve numerical integration. With the exception of cross-checking that
the two methods give the same result, we have used numerical inversion of
Eqs. 46–49, because it is less computationally demanding.
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